When two identical fermions exchange their positions, their wave function gains phase factor −1. We show that this distance-independent effect can induce nonlocal entanglement in one-dimensional (1D) electron systems having Majorana fermions at the ends. It occurs in the system bulk and has nontrivial temperature dependence. In a system having a single Majorana at each end, the nonlocal entanglement has a Bell-state form at zero temperature and decays as temperature increases, vanishing suddenly at certain finite temperature. In a system having two Majoranas at each end, it is in a cluster-state form and its nonlocality is more noticeable at finite temperature. By contrast, thermal states of corresponding 1D spins do not have nonlocal entanglement. [7, 8] .
Topological phases of matter are notions of zerotemperature ground states. They have interesting properties such as ground-state degeneracy, edge states, and unusual excitations. For example, topological phases of 1D electron systems have Majorana zero modes localized at system ends [1] [2] [3] [4] . The phases are identified by entanglement spectrum [2, 3] , entanglement entropy [5] , or a nonlocal string order parameter [6] , and classified by symmetries and the number of the zero modes [2] [3] [4] . The non-Abelian statistics of Majorana fermions is a key to topological quantum computing [7, 8] .
A natural question is how quantum properties of topological phases are thermally suppressed [9] [10] [11] [12] [13] [14] [15] [16] [17] . It involves a number of largely unexplored points. First of all, tools identifying topological phases of pure states are not readily applicable to thermal states; e.g. for mixed states entanglement spectrum [18] [19] [20] is ill-defined and entanglement entropy overestimates entanglement. Secondly, pure ground states have definite quantum numbers in presence of symmetries, such as number parity of 1D electrons, and they can be thermally mixed. Consequences of such mixing need to be studied. Lastly, topological phases of 1D electron pure states can be classified by means of the 1D spins obtained by Jordan-Wigner transformation (JWT) [21] . It is interesting to see whether this fermion-spin correspondence is applicable to thermal states. We will address the above points for 1D electrons.
In this Letter, we study thermal states of 1D electron systems having Majorana zero modes, using two mixedstate entanglement measures [22] , the entanglement of formation [23] and logarithmic negativity [24] [25] [26] . We find that the thermal states can have nonlocal and lengthindependent entanglement of occupation number in the bulk. It has nontrivial temperature (T ) dependence, depending on the number of the zero modes. In a system having one zero mode at each end, nonlocal entanglement occurs in a Bell-state form at T = 0, decreases at larger T , then vanishes at certain finite T . In a system of two zero modes at each end, it occurs in a cluster-state form and its nonlocality is noticeable in a finite-T window. The nonlocal entanglement results from the non-Abelian statistics of Majorana fermions and the fermion exchange statistics. By contrast, the 1D spins, obtained by JWT of the 1D electrons, do not have any nonlocal entanglement.
Nonlocal entanglement in Kitaev chain.-We first consider a Kitaev chain [1] of spinless electrons. It represents a topological phase (BDI class) of 1D fermions protected by time-reversal and parity symmetries [2] [3] [4] . It has one Majorana zero mode γ a=1,4 at each end [ Fig. 1(a) ]. We study entanglement between the left B and right AC of imaginary cuts through physical bonds connecting electron sites [ Fig. 1(b) ], partitioning the chain into regions A, B, C. We use fermion operators f ab ≡ (γ a + iγ b )/ √ 2 and their occupation numbersn ab = f † ab f ab , formed by Majoranas at the ends γ a=1,4 and the cuts γ a=2,2,3,3 . The system Hamiltonian isĤ We analyze entanglement between B and AC in ρ I (T = 0) = (|0 0| I + |1 1| I )/2 at T = 0. For this, we write [28] the ground states using operators f 12 , f23, f 34 localized belonging to B, generating the fermion exchange sign −1 in some coefficients. We call this ordering as "subsystem operator grouping". Then occupation number states are mapped onto qubit states,
This shows that ρ I (T = 0) has maximal entanglement between B (23) and AC (12, 34) . This entanglement can be alternatively seen writing the states using {f 23 , f 14 } instead of {f 12 , f 34 }. The result [28] 
We map these onto qubits, |0 I → |Bell q |0 14 q and |1 I → |Bell q |1 14 q . The map shows a Bell state entangling B (23) and AC (23)
Their mixture also has the Bell state, Fig. 1(b) ] to γ2 + iγ3, γ 2 + iγ 3 [ Fig. 1(d) ]. It occurs in the chain bulk and is independent of lengths of A, B, C. It is unaffected by parity mixing as it occurs in both |0 I and |1 I . It is robust against quasiparticle poisoning [32] [33] [34] due to protection by the gap ∆. This can be seen as a bulk-edge correspondence of the Kitaev chain; the entanglement occurs in the bulk for other values of µ, t, and ∆ [27] for which end Majoranas appear.
We emphasize the importance of the fermion exchange sign in the mapping (2) . As the entanglement is physical, it should be invariant under basis change between {f 12 , f 34 } and {f 14 , f 23 }. However, if we were to map |n = 0, 1 I into qubits without the subsystem operator grouping, we would obtain the states of Eq. (2) but with positive signs replacing the negative signs,
where superscripts s are for the discussion about spins below. Although |n 3). This demonstrates that the fermion statistics has to be taken into account in order to correctly quantify entanglement in fermion mixed states.
We notice that ρ I (T = 0) provides a good example resolving an issue [35, 36] of fermion entanglement whether particular orderings of fermions have to be chosen when one maps fermion occupations onto qubits.
To see whether the fermion-spin correspondence [2, 21] is valid for the mixed state ρ I (T = 0), we compare the Kitaev chain with the spin chain obtained by JWT [28] ofĤ I . The ground states |n n so that the parity symmetry is mapped by JWT [21] . In Eq. (4) |n ab = 0, 1 s is a state of region R (= A for ab = 12, B for23, C for 34) of the spin chain [28] . The pure ground states in Eq. (4) have the same entanglement as those in Eq. (2), as expected from the correspondence. However, ρ s I (T = 0) has no entanglement, showing that the correspondence breaks down for mixed states.
Nonlocal entanglement at T > 0.-We quantify entanglement between B and AC in the thermal state ρ I (T ) by two bipartite mixed-state measures, logarithmic negativity LN [24] [25] [26] and the entanglement of formation F [23] . LN is easier to compute than other measures. We compute LN (ρ I ) ≡ log 2 Tr (ρ
TB is the partial transpose with respect to B of ρ q I obtained by mapping ρ I onto qubits with the subsystem operator grouping. Tr| · | is the trace norm. F is a mixed-state generalization of entanglement entropy S, as F = S for pure states. We compute F have been used for studying many-body states [37] [38] [39] [40] [41] [42] [43] . We can write ρ I (T ) = ρ I,cuts (T )ρ I (T ). The first factor ρ I,cuts ∝ e −βĤI,cuts accounts for thermal excitations at the cuts, whereĤ I,cuts = ∆(f † 22
3 ). ρ I,cuts can have entanglement between B and AC since each excitation at the cuts is mapped onto one of the four Bell type states:
), and
). These Bell states originate from entanglement generation by changing nonAbelian fusion pairs from Fig. 1(b) to (d) . The second factor ρ I accounts for excitations localized in one of B and AC, and does not contribute to the entanglement. Hence, LN (ρ I ) = LN (ρ I,cuts ) and F(ρ I ) = F(ρ I,cuts ).
LN and F are computable since ρ I, cuts is mapped onto a two-qubit state. Both show qualitatively the same T dependence in Fig. 2 . At T = 0, LN = F = 1 because of |Bell q . This value is related to the quantum dimension √ 2 of Majoranas; among four (= √ 2 4 ) electron-number states formed by the four cut Majoranas γ 2,2,3,3 , only two even-parity states |0230 23 and |1231 23 are allowed at T = 0 due to superconductivity, resulting in ln 2 2 = 1. As T increases, the four Bell states become more mixed, so LN and F decrease, vanishing at T SD ,
Interestingly, dLN /dT and dF/dT are discontinuous at T SD , contrary to exponential or algebraic decay; LN ∝ δT and F ∝ (δT ) 2 log δT at T = T SD − δT with δT ∆, and LN , F = 0 for T > T SD [28] . This behavior may be called "entanglement sudden death" [44] . It results from thermal mixing of states of different parity in ρ I (T ); it does not occur for a mixture of states of even parity [28] . The overall T dependence is independent of cut positions.
By contrast, for the spin chain, LN = F = 0 at any T as at T = 0. This indicates that the nonvanishing entanglement in the Kitaev chain is a consequence of the fermion statistics absent in spins.
Chain with two Majoranas at an end.-We next study a chain having two Majorana zero modes γ a=1,1 ,4 ,4 at each end [ Fig. 3(a) ]. It represents a topological phase (D class) of 1D fermions distinct from the Kitaev chainĤ I [2] [3] [4] . Its Hamiltonian iŝ 44 and n 11 , n 44 = 0, 1. Changing Majorana fusion pairs from Fig. 3(b) to (c), we rewrite |n II using operators local with respect to regions A, B, C [28] 
Mapping it onto qubits, we first observe entanglement between A and BC (AB and C), and find that the result has a factor of a Bell state |Bell 2 q ( |Bell 3 q ) localized at the cut between A and BC (AB and C)
that entangles qubits n 22 and n22 (n33 and n 33 ). Entanglement between B and AC is, however, nonlocal due to the fermion statistics.
To see this, we need to map the ground states into qubits after the subsystem operator grouping such that operators f † 22 , f † 33 of B are collected to the left of those of AC:
|n II has a factor of a four-qubit cluster state [45, 46] |CL q . |CL q is nonlocal as it cannot be written as a product of locally entangled states |Bell 2 q ⊗ |Bell 3 q . It is independent of cut positions. Because the end qubits |n 11 q ⊗ |n 44 q are decoupled [Eq. (8)], the equal mixture of ground states ρ II (T = 0) also has the clusterstate entanglement. Since pure excited states have similar cluster-state entanglement, the thermal state ρ II (T ) = e −βĤII /Tre −βĤII can have the nonlocal and length-independent entanglement between B and AC.
By contrast, for the spin chain obtained by JWT [28] We compute LN for the electron state ρ II (T ) and the spin ρ s II (T ) in Fig. 4 ; F is hard to compute for four-qubit mixed states [47] . For electrons, LN (ρ II ) = LN (ρ II,cuts ) where ρ II,cuts ∝ e −βĤII,cuts andĤ II,cuts = ∆(f 22 f22 + f33 f 33 + H.c). In contrast, for spins, the decomposition of ρ [44] . It is nontrivial that the quantum nonlocality induced by the fermion statistics is more visible at finite T . This may be because the marker is based on a bipartite entanglement measure rather than a multipartite (4-qubit) one.
Conclusion.-We find nonlocal entanglement in 1D electrons having end Majoranas. It is independent of subsystem lengths, occurs in the bulk with protection by energy gap, and survives up to certain temperature. Its form (Bell state vs. cluster state) and its finitetemperature behavior depend on the number of the end Majoranas. This is an entanglement version of bulk-edge correspondence for the 1D electrons.
The nonlocal entanglement will exist universally in general 1D fermions belonging to BDI and D classes, provided that their subsystems A, B, C are longer than Majorana localizaion length ξ. (ξ was zero in our models.) It is because the nonlocal entanglement originates from Majorana non-Abelian fusion and the fermion statistics, not depending on system specifics. It will be interesting to rigorously confirm this universality. Our results illustrate a number of interesting aspects of fermion entanglement. First, the fermion statistics plays a crucial role in entanglement, especially for mixed states: It can generate quantum nonlocality. Due to this, the fermion-spin correspondence established [6, 21] for pure states breaks down: The thermal state ρ I of electrons (ρ s I of spins) has nonlocal (no) entanglement. For the thermal state ρ II of electrons (ρ s II of spins), the amount of entanglement between B and AC can differ from (always equals) the sum of local entanglement at the two cuts. Even for pure states, the form of entanglement can differ between the two connected by JWT; e.g., cluster in |n II vs. Bell ⊗ Bell in |n s II . Second, bipartite mixed-state entanglement measures unveil nontrivial temperature dependence of the nonlocal entanglement. Their sudden birth and death provide a characteristic example of finite-temperature behavior of topological phases, which is in stark contrast with usual quantum-to-classical crossover.
Third, the electron thermal states are mixtures of states of different parity. For the case where the parity mixing is not allowed for some purposes, e.g., where only states of even parity are thermally mixed, our results of LN and F provide a lower bound of the entanglement [28, 30] . Hence for that case, nonlocal entanglement is also generated by the fermion statistics. Fourth, our finding will be useful for generalizing and characterizing the notion of topological phases to thermal states, overcoming difficulties faced by tools for pure states such as ground-state degeneracy, bulk-edge correspondence, topological entanglement entropy [48, 49] .
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